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I. INTRODUCTION
Loop quantum cosmology (LQC) represents an attempt to understand physics of the early,
Planck scale universe by considering seriously the quantum features of the gravitational field.
It is based on canonical quantization methods of symmetry reduced general relativity. The
main difference with previous attempts being that the quantization strategy follows the one
behind loop quantum gravity. The end result is that new effects that arise from the quantum
nature of geometry at the Planck scale become important in a certain regime and prevent
the classical singularity, replacing it with a ‘bounce’. For details see [1] and for a summary
see Ashtekar’s contribution to this volume.
The best understood models within LQC are homogeneous and isotropic models, and in
particular the k=0 FLRW model, where a complete quantization has been constructed (see
for instance [2–5]). A physical Hilbert space was constructed and the numerical evolution
of rational physical observables exhibited a bounce replacing the big bang [2]. Furthermore,
the model was exactly solved and matter density was shown to be absolutely bounded
by a ‘critical density’ ρc of the order of Planck density [3]. Furthermore, the dynamics of
semiclassical states can be described by a simple “effective Hamiltonian” generating effective
equations that capture the main (loop) quantum gravity corrections to the classical equations
of motion [2]. It turns out that all solutions to the effective equations bounce when the
density is precisely ρc. Analytical and numerical studies have shown that semiclassical
state follow the effective dynamics and bounce with a density arbitrarily close to ρc [4, 5].
Furthermore, the quantization prescription that allowed to obtain all these results [2, 3]
was shown to be unique when consistency and physical criteria are imposed [7]. The closed
model has also received much attention [8–11]. Numerical simulation have again shown that
the big crunch and big bang singularities are replaced by a cyclic universe [8], well described
by an effective theory. Singularity resolution, just as in the flat case [6], was shown to be
generic [11].
The next step within homogenous cosmological models are anisotropic, “Bianchi” models.
some of them are natural extensions of the FLRW isotropic cases. For instance, the Bianchi
I model is spatially flat and reduces to the k=0 FLRW in its isotropic sector. The Bianchi
IX model, on the other hand, reduces to the k=1 FLRW model. This Bianchi IX model is
also important for a different reason. The so called BKL conjecture states that for generic
inhomogenous models, in the dynamics close to the singularity, time derivatives dominate
over space derivatives in such a way that the dynamics of nearby points decouple, and each
one behaves as a Bianchi IX model [12–14]. The dynamics of Bianchi IX is interesting
by itself, with a ‘mixmaster’ regime that can be described as a series of Bianchi I epochs
connected by Bianchi II transitions [16].
A natural question is whether loop quantum cosmology can say something about the
singularity resolution and possible modifications to the BKL dynamics near the Planck scale.
Of course, the study of anisotropic models is not new in LQC. The Bianchi I model was
the first one to be studied [19–21], and the Bianchi II model followed [22, 23]. The Bianchi
IX model, in the simplest case with N=V and no inverse corrections, was first introduced
in [24]. Some of this corrections were introduced and studied in [25, 26]. The issue of
ambiguities in the quantum theory is not strange to loop quantization in cosmology. While
for the simplest k=0 FLRW model the quantization is assentially unique [7], it was first
realized in [22] that a spatially curved anisotropic model force to change the quantization
strategy to define curvature. Instead of using closed loops, as in the isotropic models, one
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can only define connections though open paths. This ambiguity was explored in the closed
k=1 FLRW model, where it was shown that the new quantization yields not one but two
different bounces [9, 10]. For isotropic models there are also different ways of introducing
the lapse function and the so called inverse corrections. The purpose of this manuscript and
those that follow, is to study the ambiguities in the Bianchi IX model by exploring different
quantizations. This paper is the first in a series. Here we introduce the new quantization
where due care is taken for the inverse corrections. In the second paper in the series [27], we
explore numerically the effective equations here found, for a massless scalar field. In the third
paper of the series, we shall explore some qualitative implications of the quantization here
presented, including the vacuum case [28] (some early result have already been presented in
[29]).
The structure of the manuscript is as follows. In Sec. II we introduce the model and
the preliminaries necessary for the rest of the manuscript. In Sec. III we introduce the new
quantizations. Sec.!IV is devoted to the study of the effective equations that arise from the
quantum theories defined before. We end in Sec. V with a discussion.
II. CLASSICAL THEORY
Bianchi models are spatially homogeneous models such that the symmetry group S acts
simply and transitively on the space manifold Σ ∼= S. the symmetry group for Bianchi IX
model are the three spatial rotations on a 3-sphere. To define fiducial frames and co frames,
we identify this group with SU(2) which carries a Cartan connection
oω = g−1dg = oωiτi
This connection satisfies Maurer-Cartan structure equation
doωi +
1
2
oi jk
oωj ∧ oωk = 0
Where oijk is the completely antisymmetric tensor and defined such that
o123 = 1. We
denote dual vectors oei corresponding to
oωi such that oeai
oωja = δ
j
i and
oeai
oωib = δ
a
b . These
vectors satisfy the Lie bracket
[oei,
oej] =
o kij
oek.
Therefore the fiducial metric on Σ is
oqab :=
oωia
oωjb kij,
with kij the Killing-Cartan metric on su(2). This fiducial metric is the metric of a 3-sphere
with radius ao = 2. The volume of this 3-sphere is Vo = 2pi
2 a30. It is useful to define
`o = V
1/3
o and ϑ = `o/ao.
In general relativity in Ashtekar-Barbero variables, the gravitational phase space consists
of pairs (Aia, E
a
i ) on Σ where A
i
a is a SU(2) connection and E
a
i is a densitized triad of weight
1. Since the Bianchi IX model is homogeneous and, if we restrict ourselves to diagonal
metrics, one can fix the gauge in such a way that Aia has 3 independent components, c
i, and
Eai has 3 independent components, pi,
Aia =
ci
`o
oωia and E
a
i =
pi
`2o
√
oq oeai (1)
3
where pi in terms of the scale factors ai are |pi| = `2oajak (i 6= j 6= k). ci are dimension-
less and pi have dimensions of length-squared. Using (c
i, pi) the Poisson brackets can be
expressed as
{ci, pj} = 8piGγδij
where γ is the Barbero-Immirizi parameter. The physical frames and co-frames are
ωi = aioωi and aiei =
oei. (2)
The physical metric in diagonal manner can be written as
qab = a
2
i
oωia
oωib. (3)
and thus the physical volume of Σ is V = 2pi2a1a2a3 which is equal to
√|p1p2p3|.
Since the fiducial frames and co-frames are fixed and because of the parametrization of
connections and triads, the only relevant constraint is the Hamiltonian constraint that has
the form,
CH = N
(
Hgrav +Hmatter
)
, (4)
where N is the lapse function, Hmatter is ρV (ρ is the matter density) and
Hgrav =
∫
V
[
− 
ij
kE
a
i E
b
j
16piGγ2
√|q| (F kab − (1 + γ2)Ωkab)
]
, (5)
where e =
√|detE|, F kab and Ωkab are respectively the curvature of connection Aia and the
curvature of the spin-connection Γia compatible with the triad. F
k
ab in terms of phase space
variables is
F kab =
2
`2o
(εcicj − 2ϑck)oijkoωiaoωjb (6)
where ε shows the orientation of physical frames (that is, ε = 1 when p1p2p3 ≥ 0 and ε =-1
when p1p2p3 < 0).
For calculating the spin connection curvature it is convenient to first compute Γi.
Γia =
ε
ao
(
aj
ak
+
ak
aj
− a
2
i
ajak
)
oωia =
ε
ao
(
pj
pk
+
pk
pj
− pjpk
p2i
)
oωia i 6= j 6= k. (7)
and then
Ωkab = −
2ε
a2o
(
3
pipj
p2k
+ 2
p2k
pipj
− 2pi
pj
− 2pj
pi
− p
2
kpi
p3j
− p
2
kpj
p3j
)
oωka i 6= j 6= k. (8)
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So the classical Hamiltonian constraint is given by
CH =− N
8piGγ2λ2
(
sgn(p1p2)
√∣∣∣∣p1p2p3
∣∣∣∣c1c2 + sgn(p2p3)
√∣∣∣∣p2p3p1
∣∣∣∣c2c3 + sgn(p1p3)
√∣∣∣∣p1p3p2
∣∣∣∣c1c3
− ϑ
[
sgn(p1
√∣∣∣∣p2p3p1
∣∣∣∣c1 + sgn(p2)
√∣∣∣∣p1p3p2
∣∣∣∣c2 + sgn(p3)
√∣∣∣∣p1p2p3
∣∣∣∣c3]
+ ϑ2(1 + γ2)
[
2|p1|
√∣∣∣∣ p1p2p3
∣∣∣∣+ 2|p2|
√∣∣∣∣ p1p1p3
∣∣∣∣+ 2|p3|
√∣∣∣∣ p3p1p2
∣∣∣∣
− |p1p2|
3/2
|p3|5/2 −
|p2p3|3/2
|p1|5/2 −
|p1p3|3/2
|p2|5/2
])
+ ρ
√
|p1p2p3|
(9)
In the rest of the manuscript, we choose lapse function N to be equal to 1.1
III. QUANTUM THEORY
To construct the quantum kinematics, we have to select a set of elementary observables
such that their associated operators are unambiguous. In loop quantum gravity they are the
holonomies he defined by the connection A
i
a along edges e and the fluxes of the densitized
triad Eai across surfaces [18]. For our model we choose pi and e
iµci (because a holonomy
along the edge ei parallel to i-th vector basis with length µ is made by the combination of
these operators). We generate the gravitational part of the kinematical Hilbert space by
considering countable linear combinations of orthonormal basis {|l1, l2, l3〉 : l1, l2, l3 ∈ R},
where in this basis the operators pˆi’s are diagonalized and satisfy
〈l1, l2, l3|l′1, l′2, l′3〉 = δl1,l′1δl2,l′2δl3,l′3 . (10)
. The elements of this space are then square summable functions.
The action of the elementary operators on this basis are
pˆi|l1, l2, l3〉 = (2Vc)2/3sgn(li)l2i |l1, l2, l3〉
and
eiµci |l1, l2, l3〉 = |li − sgn(µ)
√
µ|
1v
1/3
c
, lj, lk〉 , i 6= j 6= k
where Vc = 2piG~γλ.
To have the corresponding constraint operator, one needs to express it in terms of the
chosen phase space functions eiµci and pi. The first term, 
ij
kE
a
i E
b
j/
√|q|, as in loop quantum
gravity, can be treated by using Thiemann’s strategy [17].
ijk
EaiEbj√|q| = ∑i 12piγGµ oabc oωicTr(h(µ)i {h(µ)−1i , V }τk) (11)
1 This choice will allow us to include more corrections to the effective Hamiltonian in Sec. ??.
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where h
(µ)
i is the holonomy along the edge parallel to i-th vector basis with length µ and
V is the volume, which is equal to
√|p1p2p3|. Note that µ is arbitrary. Now, to define an
operator related to the first term of Eq.(5), we can use the right hand side of Eq.(11) and
replace Poisson brackets with commutators. To find an operator related to the curvature
F kab, for isotropic models and Bianchi I, one can consider a square ij in the i − j plane
which is spanned by two of the fiducial triads (for the closed isotropic model since triads do
not commute, to define this plane we use a triad and a right invariant vector oξai ), with each
of its sides having length µ′i. Therefore, F
k
ab is given by
F kab = 2 lim
Area→0
 kij Tr
(
hµ
′
ij − I
µ′iµ
′
j
τ k
)
oωia
oωjb . (12)
Since in loop quantum gravity, the area operator does not have a zero eigenvalue, one can
take the limit of Eq.(12) to the point where the area is equal to the smallest eigenvalue of the
area operator, λ2 = 4
√
3piγl2p, instead of zero. Then, µ
′
iai = λ. We take µ
′
i = µ¯i`o where µ¯i is
a dimensionless parameter and, by previous considerations, is equal to µ¯i = λ
√|pi|/√|pjpk|
(i 6= j 6= k).
For Bianchi IX, we cannot use this method because the resulting operator is not almost
periodic, therefore we express the connection Aia in terms of holonomies and then use the
standard definition of curvature F kab [22, 24].
Aia = lim
`i→0
1
2`i
(h(`i) − h(`i)−1)
To be consistent with other models, we choose
`i = 2µ
′
i
Thus the operators corresponding to the connection are given by [22, 24]
cˆi =
ŝin µ¯ici
µ¯i
. (13)
Also, one can see that the terms related to the curvatures, F kab and Ω
k
ab, contain some
negative powers of pi which are not well defined operators. To solve this problem we use the
same idea in Thiemann’s strategy.
|pi|(`−1)/2 = −
√|pi|`o
2piGγµ˜i`
Tr(τih
(µ˜i)
i {h(µ˜i)−1i , |pi|`/2}) , (14)
where µ˜i is the length of a curve and ` ∈ (0, 1). Therefore, for these three different operators
we have three different curve lengths (µ, µ′, µ˜) where µ and µ˜ can be some arbitrary functions
of pi. For simplicity we shall choose all of them to be equal to µ
′. On the other hand we
have another free parameter in the definition of negative powers of pi which is `. Since the
largest negative power of pi which appears in the constraint is −1/4, we will take ` = 1/2
and obtain it directly from Eq.(14), and after that we express the other negative powers in
terms of them.
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By the above choices, the operators related to the Eqs.(11, 14) take the form
̂
ijk
Eai E
b
j√|q| =
ˆ
√̂∣∣∣∣pipjpk
∣∣∣∣
4piGγλ
(êiµ¯kck Vˆ ê−iµ¯kck − ê−iµ¯kck Vˆ êiµ¯kck) oabc oωkc
=
√̂∣∣∣∣pipjpk
∣∣∣∣Aˆk oabc oωkc , (15)
and
̂|pi|−1/4 =
√|pjpk|
2piGγλ
(êiµ¯ici/2 ˆ|p|1/2 ̂e−iµ¯ici/2 − ̂e−iµ¯ici/2 ˆ|p|1/2êiµ¯ici/2). (16)
where
Aˆk =
ˆ
4piGγλ
(êiµ¯kck/2Vˆ ̂e−iµ¯kck/2 − ̂e−iµ¯kck/2Vˆ êiµ¯kck/2) (17)
In the above equations instead of eiµci with arbitrary real number µ, the operators eiµ¯ici/2
and their powers appear. Therefore we choose eiµ¯ici/2 to be the elementary operators along
with pi. The action of these operators are given by
eiµ¯ici |l1, l2, l3〉 = |li − 1|ljlk| , lj, lk〉 , i 6= j 6= k.
Also, since the operators Aˆk have the same action on elements of Hilbert space, in the
rest we denote them by Aˆ.
Using these results, the constraint operator without factor ordering is
CˆH =− 1
8piGγ2λ2
Aˆp̂
−1/2
1 p̂
−1/2
2 p̂
−1/2
3 (pˆ1pˆ2
ˆ|p3| sin µ¯1c1 sin µ¯2c2
+ pˆ1 ˆ|p2|pˆ3 sin µ¯1c1 sin µ¯3c3 + ˆ|p1|pˆ2pˆ3 sin µ¯2c2 sin µ¯3c3)
+
ϑ
4piGγ2λ
εˆAˆ
(
pˆ1pˆ2p̂
−1
3 sin µ¯3c3 + pˆ2pˆ3p̂
−1
1 sin µ¯1c1 + pˆ1pˆ3p̂
−1
2 sin µ¯2c2
)
− ϑ
2(1 + γ2)
8piGγ2
Aˆ
(
2p̂
3/2
1 p̂
−1/2
2 p̂
−1/2
3 + 2p̂
3/2
2 p̂
−1/2
1 p̂
−1/2
3 + 2p̂
3/2
3 p̂
−1/2
1 p̂
−1/2
2
− p̂3/21 p̂3/22 p̂−5/23 − p̂3/21 p̂3/23 p̂−5/22 − p̂3/22 p̂3/23 p̂−5/21
)
+ ρˆp̂
1/2
1 p̂
1/2
2 p̂
1/2
3
(18)
After choosing some factor ordering, we can construct the total constraint operator. Note
that different choices of factor ordering will yield different operators, but the main results
will remain almost the same. By solving the constraint equation CˆH ·Ψ = 0, we can obtain
the physical states and the physical Hilbert space Hphys. As a final step, one would need to
identify the physical observables, that in our case would correspond to relational observables
as functions of the internal time φ. Here we choose the factor ordering which is similar to
the one used in [20, 22, 24].
CˆH = Cˆ(1) + Cˆ(2) + Cˆ(3) + Hˆmatt (19)
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where
Cˆ(1) = 1
32piGγ2λ2
3∑
i=1
3∑
j 6=i
Cˆ(1)++ij + Cˆ(1)+−ij + Cˆ(1)−+ij + Cˆ(1)−−ij (20)
Cˆ(1)++ij =
(
Vˆ
√ˆ
V
)2/3
(sgn(li)e
iµ¯ici + eiµ¯icisgn(li))
(
Vˆ
√ˆ
V
)2/3
×Aˆ(sgn(lj)eiµ¯jcj + eiµ¯jcjsgn(lj))
(
Vˆ
√ˆ
V
)2/3
Cˆ(1)+−ij = −
(
Vˆ
√ˆ
V
)2/3
(sgn(li)e
−iµ¯ici + e−iµ¯icisgn(li))
(
Vˆ
√ˆ
V
)2/3
×Aˆ(sgn(lj)eiµ¯jcj + eiµ¯jcjsgn(lj))
(
Vˆ
√ˆ
V
)2/3
Cˆ(1)−+ij = −
(
Vˆ
√ˆ
V
)2/3
(sgn(li)e
iµ¯ici + eiµ¯icisgn(li))
(
Vˆ
√ˆ
V
)2/3
×Aˆ(sgn(lj)e−iµ¯jcj + e−iµ¯jcjsgn(lj))
(
Vˆ
√ˆ
V
)2/3
Cˆ(1)−−ij =
(
Vˆ
√ˆ
V
)2/3
(sgn(li)e
−iµ¯ici + e−iµ¯icisgn(li))
(
Vˆ
√ˆ
V
)2/3
×Aˆ(sgn(lj)e−iµ¯jcj + e−iµ¯jcjsgn(lj))
(
Vˆ
√ˆ
V
)2/3
(21)
Cˆ(2) = − iϑ
16piGγ2λ
[
pˆ2pˆ3 ˆ|p1|
−1/2
(
ˆAˆ(eiµ¯1c1 − e−iµ¯1c1) + (eiµ¯1c1 − eiµ¯1c1)ˆAˆ
)
ˆ|p1|
−1/2
+ pˆ1pˆ3 ˆ|p2|
−1/2
(
ˆAˆ(eiµ¯2c2 − e−iµ¯2c2) + (eiµ¯2c2 − eiµ¯2c2)ˆAˆ
)
ˆ|p2|
−1/2
+ pˆ1pˆ2 ˆ|p3|
−1/2
(
ˆAˆ(eiµ¯3c3 − e−iµ¯3c3) + (eiµ¯3c3 − eiµ¯3c3)ˆAˆ
)
ˆ|p3|
−1/2
]
(22)
Cˆ(3) = −ϑ
2(1 + γ2)
8piGγ2
Aˆ
(
2p̂
3/2
1 p̂
−1/2
2 p̂
−1/2
3 + 2p̂
3/2
2 p̂
−1/2
1 p̂
−1/2
3 + 2p̂
3/2
3 p̂
−1/2
1 p̂
−1/2
2
−p̂3/21 p̂3/22 p̂−5/23 − p̂3/21 p̂3/23 p̂−5/22 − p̂3/22 p̂3/23 p̂−5/21
)
(23)
and by choosing massless scalar field (as internal time), the matter part is given by
Hˆmatt = 1
2
pˆ2φ p̂
−1
1 p̂
1/2
1 p̂
−1
2 p̂
1/2
2 p̂
−1
3 p̂
1/2
3 (24)
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To calculate the action of the constraint operator it is simpler to work with dimensionless
variable v, which is related to the volume, and two variables of three l1, l2 and l3. The
quantity v is equal to 2l1l2l3 and Vˆ = Vc|v||l1, l2, l3〉. Because of the symmetry in the model,
there is no preference to choose one of li’s to replace with v. Here, we choose l3. One should
note that we cannot use variable v in a case that the state has zero volume. However, it is
easy to see that the constraint operator annihilates the states with zero volume and also the
other states cannot reach those states. Therefore, the use of variable v is fully justified.
In those variables, the action of operators eiµ¯ici/2, Aˆ and |̂p|−1/4 are given by
eiµ¯1c1/2|l1, l2, v〉 = |l1 − 1|l1v| , l2, v − sgn(l1v)〉 (25)
and
Aˆ|l1, l2, v〉 = A(v)|l1, l2, v〉, (26)
and
|̂p|−1/4|l1, l2, v〉 = h(v)
Vc
∏
j 6=i
p
1/4
j |l1, l2, v〉 (27)
where
A(v) = (||v|+ 1| − ||v| − 1|) =
{ |v| |v| < 1
1 |v| ≥ 1 , (28)
h(v) =
√
Vc
(√
||v|+ 1| −
√
||v| − 1|
)
. (29)
In [10] we showed that the operators similar to the constraint operator for closed FLRW
model are essentially self adjoint and since, here, the constraint operator has a similar form
as the FLRW one, it is reasonable to expect it to be essentially self adjoint, too; thus we
will work on its extended domain.
Also, since the constraint operator is invariant under parity, to see the full action of this
operator on a state, one just needs to calculate its action on the positive octant (which
means l1, l2, v > 0). The action of the constraint operator on state Ψ(l1, l2, v;φ) is then
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given by
− ∂2φΨ(l1, l2, v;φ) =
Vcv
−5h−12(v)
8piGγ
[
χv−4Vcv4/3
2λ2
(v − 2)4/3(v − 4)4/3A(v − 2)
×h4/3(v)h4/3(v − 2)h4/3(v − 4)Ψ−4(l1, l2, v;φ)
+
1
2λ2
Vcv
4/3(v + 2)4/3(v + 4)4/3A(v + 2)
×h4/3(v)h4/3(v + 2)h4/3(v + 4)Ψ4(l1, l2, v;φ)
− 1
2λ2
Vcv
8/3h8/3(v)Ψ0(l1, l2, v;φ)
− iϑ
2λ
(16Vc)
2/3h2(v)h2(v − 2)Ψ−2(l1, l2, v;φ)
+
iϑ
2λ
(16Vc)
2/3h2(v)h2(v + 2)Ψ2(l1, l2, v;φ)
+213/3ϑ2(1 + γ2)V 1/3c A(v)h
4(v)
(
l51l2l3 + l
5
2l1l3 + l
5
3l1l2
−2l81l82h6(v)− 2l18l83h6(v)− 2l82l83h6(v)
)
Ψ(l1, l2, v;φ)
]
(30)
where
Ψ±4(l1, l2, v;φ) = Ψ(
v ± 2
v
l1,
v ± 4
v ± 2 l2, v ± 4;φ) + Ψ(
v ± 4
v ± 2 l1,
v ± 4
v ± 2 l2, v ± 4;φ)
+Ψ(
v ± 2
v
l1, l2, v ± 4;φ) + Ψ(v ± 4
v ± 2 l1, l2, v ± 4;φ)
+Ψ(l1,
v ± 2
v
l2, v ± 4;φ) + Ψ(l1, v ± 4
v ± 2 l2, v ± 4;φ), (31)
Ψ±2(l1, l2, v;φ) = sgn(v ± 2)A(v ± 2)
(
l41l
4
2Ψ(l1, l2, v ± 2;φ)
+l42l
4
3Ψ(
v ± 2
v
l1, l2, v ± 2;φ) + Ψ(l1, v ± 2
v
l2, v ± 2;φ)
)
+A(v)
(
l41l
4
2Ψ(l1, l2, v ± 2;φ) + l42l43Ψ(
v ± 2
v
l1, l2, v ± 2;φ)
+Ψ(l1,
v ± 2
v
l2, v ± 2;φ)
)
, (32)
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Ψ0(l1, l2, v;φ) = χv−2A(v − 2)(v − 2)2/3h2/3(v − 2)
(
Ψ(
v − 2
v
l1,
v
v − 2 l2, v;φ)
+Ψ(
v
v − 2 l1,
v − 2
v
l2, v;φ) + Ψ(
v − 2
v
l1, l2, v;φ)
+Ψ(
v
v − 2 l1, l2, v;φ) + Ψ(l1,
v − 2
v
l2, v;φ) + Ψ(l1,
v
v − 2 l2, v;φ)
)
+A(v + 2)(v + 2)2/3h2/3(v + 2)
(
Ψ(
v + 2
v
l1,
v
v + 2
l2, v;φ)
+Ψ(
v
v + 2
l1,
v + 2
v
l2, v;φ) + Ψ(
v + 2
v
l1, l2, v;φ)
+Ψ(
v
v + 2
l1, l2, v;φ) + Ψ(l1,
v + 2
v
l2, v;φ) + Ψ(l1,
v
v + 2
l2, v;φ)
)
,
(33)
and χa is a step function, it is zero when a ≤ 0 otherwise it is 1.
As an interesting result, because of the presence of negative powers of pi in the Hamilto-
nian constraint and the fact that the operator pˆai is not the inverse of the operator p̂
−a
i where
a is a positive real number, the quantum theory of the closed FLRW model (connection based
quantization which was described in [10? ]), is not a reduced theory of the quantum Bianchi
IX that he have constructed. In retrospect, this result is not entirely unexpected, since we
are employing a different strategy to deal with the inverse corrections. One might still ask
whether there is a quantization prescription where one can recover the k=1 FLRW model.
In the next section, we consider the corresponding effective theories and their consequences.
As we shall see, the effective theory suggests that there is such a prescription, but it is not
the most natural choice. We shall further discuss some of its properties.
IV. EFFECTIVE EQUATIONS WITH INVERSE TRIAD CORRECTIONS
By choosing the eigenvalues of the operators, negative powers of |pi| and Aˆ as corrections
to the effective Hamiltonian, the modified effective Hamiltonian, with a generic matter
density, is given by
HBIX = −V
4A(V )h6(V )
8piGV 6c γ
2λ2
(
sin µ¯1c1 sin µ¯2c2 + sin µ¯1c1 sin µ¯3c3 + sin µ¯2c2 sin µ¯3c3
)
+
ϑA(V )h4(V )
4piGV 4c γ
2λ
(
p21p
2
2 sin µ¯3c3 + p
2
2p
2
3 sin µ¯1c1 + p
2
1p
2
3 sin µ¯2c2
)
−ϑ
2(1 + γ2)A(V )h4(V )
8piGV 4c γ
2
(
2V [p21 + p
2
2 + p
2
3]
−
[
(p1p2)
4 + (p1p3)
4 + (p2p3)
4
]
h6(V )
V 6c
)
+ ρV ≈ 0 (34)
where A(V ) and h(V ) are the same as Eqs.(28),(29) but now as a function of volume instead
of the eigenvalue v.
A(V ) =
1
Vc
(V + Vc − |V − Vc|) =
{
V/Vc V < Vc
1 V ≥ Vc , (35)
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and
h(V ) =
√
V + Vc −
√
|V − Vc|. (36)
Recall that Vc = 2piG~γλ sets the scale where the quantum effects are kicking in and change
the qualitative behaviour of the equations.
The equation of motion for p1 and c1 are
p˙1 =
1
V 4c γ
A(V )V h4(V ) cos µ¯1c1
[
V 2h2(V )p1
V 2c λ
(sin µ¯2c2 + sin µ¯3c3)− 2ϑp2p3
]
, (37)
and
c˙1 =− h
5(V )
V 6c γλ
2
(
2p22p
2
3p1A(V )h(V ) + V
4A,p1h(V ) + 6V
4A(V )h,p1
)
×
(
sin µ¯1c1 sin µ¯2c2 + sin µ¯1c1 sin µ¯3c3 + sin µ¯2c2 sin µ¯3c3
)
+
2ϑ
V 4c γλ
h3(V )
[(
2p1p
2
2A(V )h(V ) + p
2
1p
2
2A,p1h(V ) + 4p
2
1p
2
2A(V )h,p1
)
sin µ¯3c3
+
(
2p1p
2
3A(V )h(V ) + p
2
1p
2
3A,p1h(V ) + 4p
2
1p
2
3A(V )h,p1
)
sin µ¯2c2
+
(
p22p
2
3A,p1h(V ) + 4p
2
2p
2
3A(V )h,p1
)
sin µ¯1c1
]
− A(V )h4(V )c1 cos µ¯1c1
2V 4c γ
(
V 3h2(V )
V 2c λ
(sin µ¯2c2 + sin µ¯3c3)− 2p
3/2
2 p
3/2
3
p
1/2
1
ϑ
)
+ A(V )h4(V )
c2 cos µ¯2c2
2V 4c γ
(
p
5/2
2 p
3/2
3 p
1/2
1 h
2(V )
V 2c λ
(sin µ¯1c1 + sin µ¯3c3)− 2ϑp3V
)
+ A(V )h4(V )
c3 cos µ¯3c3
2V 4c γ
(
p
5/2
3 p
3/2
2 p
1/2
1 h
2(V )
V 2c λ
(sin µ¯1c1 + sin µ¯2c2)− 2ϑp2V
)
− ϑ
2(1 + γ2)
V 4c γ
h3(V )
[
4p1A(V )V h(V )
+ (p21 + p
2
2 + p
2
3)
(√
p2p3
p1
A(V )h(V ) + 8A(V )V h,p1 + 2A,p1V h(V )
)
− 4
V 6c
p31h
7(V )A(V )(p42 + p
4
3)
− 1
V 6c
(
10h6(V )h,p1A(V ) + h
7(V )A,p1
)(
p41p
4
2 + p
4
1p
4
3 + p
4
2p
4
3
)]
+ 4piGγ
(
V
∂ρ
∂p1
+ ρ
1
2
√
p2p3
p1
)
(38)
where the partial derivatives of A(V ) and h(V ) respect to pi are
A,pi =
{
1
Vc
√
pjpk
pi
V < Vc
0 V > Vc
, i 6= j 6= k 6= i (39)
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and
ĥ,pi =
√
pjpk
4
√
pi
[
(V + Vc)
−1/2 −
√|V − Vc|
V − Vc
]
, i 6= j 6= k 6= i (40)
The equations for p˙2,c˙2,p˙3 and c˙3 can be obtained by appropriate permutations. One of the
quantity which we want to know whether it is bounded or not is the expansion [7],
θ =
1
2
∑
i
p˙i
pi
=
1
2V 4c γ
A(V )V h4(V )
(
cos µ¯1c1
[
V 2h2(V )
V 2c λ
(sin µ¯2c2 + sin µ¯3c3)− 2ϑp2p3
p1
]
+ cos µ¯2c2
[
V 2h2(V )
V 2c λ
(sin µ¯1c1 + sin µ¯3c3)− 2ϑp1p3
p2
]
+ cos µ¯3c3
[
V 2h2(V )
V 2c λ
(sin µ¯1c1 + sin µ¯2c2)− 2ϑp1p2
p3
]) (41)
At the limit of large volumes, the first term of p˙1/p1 behaves like a combination of some
trigonometric functions and the second as
√
p2p3/p
3/2
1 . In the limit of small volume the first
term behaves like V 10 and the second as V 4p22p
2
3. For any value that the volume takes, p1
or p2 or p3 can be small or arbitrary large numbers; therefore p˙1/p1 is not bounded. Since
there are similar statements for p˙2/p2 and p˙3/p3, the expansion is unbounded.
The other interesting geometrical observables to consider are shear and matter density.
The shear is given by
σ2 =
1
3
[(H1 −H2)2 + (H2 −H3)2 + (H1 −H3)2] (42)
where Hi = 1/2[p˙j/pj + p˙k/pk − p˙i/pi] (i 6= j 6= k) and Hi − Hj = p˙j/pj − p˙i/pi. and the
expression for matter density in this modified theory is given by
ρ =
V 3A(V )h6(V )
8piGV 6c γ
2λ2
(sin µ¯1c1 sin µ¯2c2 + sin µ¯1c1 sin µ¯3c3 + sin µ¯2c2 sin µ¯3c3)
− ϑA(V )
4piGV 4c γ
2λ
(
p
3/2
1 p
3/2
2
p31/2
sin µ¯3c3 +
p
3/2
2 p
3/2
3
p
1/2
1
sin µ¯1c1 +
p
3/2
1 p
3/2
3
p
1/2
2
sin µ¯2c2
)
h4(V )
+
ϑ2(1 + γ2)A(V )h4(V )
8piGV 4c γ
2
(
2
[
p21 + p
2
2 + p
2
3
]
−
[
(p1p2)
7/2
p
1/2
3
+
(p1p3)
7/2
p21/2
+
(p2p3)
7/2
p
1/2
1
]
h5(V )
V 5c
)
(43)
With the same arguments which we used to prove unboundedness of the expansion, we
can show that the shear and the density are unbounded, too. Furthermore, it is easy to
see that because of the function A(V ), when volume goes to zero, the expansion, shear and
density go to zero, too.
In the general case, as it can be seen in Fig.1, the maximum allowed density which arises
from the modified Hamiltonian, has two distinct disconnected regions with positive values,
unlike the maximum allowed density in previous section which is always positive.If we impose
the weak energy condition and start the evolution within one region, the universe cannot
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FIG. 1: Left, zero surfaces of the maximum allowed density. Right, maximum allowed density vs.
p1 and p2 where p3 = p1. Both in Planck units.
reach the other region. These two regions have different dynamics. To study the vacuum
Bianchi IX, we start from large volumes which lie in region B of Fig.1 and, as we go to
smaller volumes we cannot reach zero volume because ‘crossing’ to region A is not allowed.
Therefore, there is a smallest reachable volume in region B and, since very large anisotropies
are not allowed near this smallest volume, and the modified potential is not too large there,
then we have, at most, finite oscillations before reaching the bounce. On the other hand, in
the internal region A, the anisotropies are very large when some of the pi are very small, and
then the volume of the universe cannot be large enough to start the evolution from there
[29].
In [26] the authors used a modified effective equation and calculated the matter density
with almost similar behaviour. The differences between their work and ours are: i) The
effect of operator Aˆ is neglected and ii) The matter density is defined as the eigenvalue of
density operator which was defined as ρˆ := −V̂ −1 ˆHgrav, while we use the more standard
definition of matter density which is ρ := −Hgrav/V . Furthermore, they showed that if one
calculates the matter density in the usual manner, the maximum allowed density in their
modified theory behaves more similar to the density in original Bianchi IX effective theory
of [24], than the matter density in Eq.(43).
Although the effective Hamiltonian without inverse triad correction [24] reduces to the
effective Hamiltonian for closed FLRW model with less correction [8], because of the presence
of the effects from the operators ̂|pi|−1/4 and its positive powers in the curvature term of the
Hamiltonian, this property no longer holds for the modified Hamiltonian Eq.(34) and the
closed FLRW model effective Hamiltonian with inverse triad correction is not a reduction
of this modified Hamiltonian.
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A. A different choice: Bianchi IX reduces to FLRW k=1
As we mentioned before, the Bianchi IX effective theory with inverse triad corrections
does not reduce to the closed FLRW model. However, by keeping the effects of operator Aˆ
and neglecting the other corrections in the gravitational part of the Hamiltonian constraint,
one can construct a Bianchi IX effective theory which has some part of the inverse corrections
and it does reduce to the closed FLRW model with inverse triad corrections. In this model,
the Hamiltonian constraint is given by
Heff =− V
8piGγ2λ2
A(V )(sin µ¯1c1 sin µ¯2c2 + sin µ¯1c1 sin µ¯3c3 + sin µ¯2c2 sin µ¯3c3)
+
σ
8piGγ2λ
A(V )
(
p1p2
p3
sin µ¯3c3 +
p2p3
p1
sin µ¯1c1 +
p1p3
p2
sin µ¯2c2
)
− σ
2(1 + γ2)
32piGγ2
A(V )
(
2
p
3/2
1√
p2p3
+ 2
p
3/2
2√
p1p3
+ 2
p
3/2
3√
p1p2
− (p1p2)
3/2
p
5/2
3
− (p1p3)
3/2
p
5/2
2
− (p2p3)
3/2
p
5/2
1
)
+ U(φ)V +
1
2V 6c
p2φV
2h(V )6
(44)
p˙1 =
1
γλ
A(V ) cos µ¯1c1
[
p1(sin µ¯2c2 + sin µ¯3c3)− λσ
√
p2p3
p1
]
(45)
c˙1 =− 1
γλ2
(
1
2
√
p2p3
p1
A(V ) + A,p1V
)
(sin µ¯1c1 sin µ¯2c2 + sin µ¯1c1 sin µ¯3c3 + sin µ¯2c2 sin µ¯3c3)
− σ
λγ
([
p2p3
p21
A(V )− p2p3
p1
A,p1
]
sin µ¯1c1 −
[
p3
p2
A(V ) +
p1p3
p2
A,p1
]
sin µ¯2c2
−
[
p2
p3
A(V ) +
p1p2
p3
A,p1
]
sin µ¯3c3
)
− A(V )c1 cos µ¯1c1
2γλ
(
−λσ
p1
√
p2p3
p1
+ sin µ¯2c2 + sin µ¯3c3
)
+ A(V )
c2 cos µ¯2c2
2γλ
√
p1
(
−λσ
√
p3
p2
+
p2√
p1
sin µ¯1c1 +
p2√
p1
sin µ¯3c3
)
+ A(V )
c3 cos µ¯3c3
2γλ
√
p1
(
−λσ
√
p2
p3
+
p3√
p1
sin µ¯1c1 +
p3√
p1
sin µ¯2c2
)
− A(V )σ
2(1 + γ2)
4γ
(
5
2
p
3/2
2 p
3/2
3
p
7/2
1
− 1
p
3/2
1
√
p2p3
(p22 + p
2
3)−
3
√
p1
2
(
p
3/2
2
p
5/2
3
+
p
3/2
3
p
5/2
2
) + 3
√
p1
p2p3
)
+ 8piGγ
√
p2p3
p1
U(φ) +
4piGγ
V 6c
p2φh
5(V )
[
p2p3h(V ) + 6V
2h,p1
]
(46)
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The expansion is
θ =
1
2γλ
A(V )(cos µ¯1c1
[
(sin µ¯2c2 + sin µ¯3c3)− λσ 1
p1
√
p2p3
p1
]
+ cos µ¯2c2
[
(sin µ¯1c1 + sin µ¯3c3)− λσ 1
p2
√
p1p3
p2
]
+ cos µ¯3c3
[
(sin µ¯1c1 + sin µ¯2c2)− λσ 1
p3
√
p1p2
p3
]
)
(47)
For large volume, the second term of p˙1/p1 behaves like
√
p2p3/p
3/2
1 and in the limit of small
volume behaves like p2p3/p1. Since pi’s can be small or large numbers, there is no bound
for p˙1/p1 and with similar arguments about unboundedness of p˙2/p2 and p˙3/p3, it can be
proved that expansion is not bounded.
V. DISCUSSION
This paper is the first in a series devoted to the study of the Bianchi IX model within LQC.
In this contribution we introduced for the first time inverse corrections for Bianchi IX and
explored some of its properties. In particular we have studied the effective theory that follows
from the quantum theory and have considered the behaviour of several geometric scalars.
This is important to study singularity resolution within LQC. Some of these questions are
explored in the second paper of this series [27], where numerical solutions to the effective
equations with a massless scalar field are studied.
In the study of the behaviour of expansion and shear for the effective theory, we have
shown that these scalars are not absolutely bounded, which might be a signal that the
quantization is problematic [7]. However, when one takes into account some energy condi-
tions, one learns that the allowed region where solutions to the effective equations can be,
becomes disconnected. There are two allowed regions and the solutions have to lie within
one of them. The region where the would be singularity lies, and where large anisotropies
are allowed, is disconnected from the region with large volume. Thus, any realistic universe
that reaches large volume at recollapse can not reach that region, and it can, at most, have
a finite number of oscillations. Thus, one might expect that loop quantum corrections to
the dynamics have an important effect on the avoidance, not only of the singularity, but of
the mixmaster behaviour that is so characteristic of the classical dynamics. This and other
issues will be studied in more detail in the third paper of the series [28].
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